The fast ion instability is considered for a distribution of ion bounce frequencies. Because of the spread in bounce frequencies, the instability initially grows exponentially with propagation distance. When the initial growth saturates, the instability grows exponentially with the square root of the propagation distance; the saturated growth equals that calculated when the spread in ion bounce frequencies is neglected. For a broad distribution of ion bounce frequencies, instability may be prevented by a betatron damping rate that exceeds the incoherent betatron frequency shift induced by ions at the tail of the bunch train.
INITIAL GROWTH
To model the initial growth of the fast ion instability [l-1 11 and thereby determine the betatron damping rate or feedback necessary to prevent it, a distribution of ion "bounce" frequencies is considered.
The bounce frequency is the natural frequency of transverse ion oscillations about the electron orbit [12] , given for small vertical oscillations (<< (T, ) of singly charged ions by / " in which n, is the time-averaged electron density on axis during the passage of a bunch train or electron beam, m, is the ion mass, CT, and ( T ,~ are the horizontal and vertical beam dimensions, e is the electron charge and E , is the permittivity of free space. Because of the dependence upon the ion mass and the position-dependent quantities ne, ox and ( T~, a large range of ion bounce frequencies may be expected in a typical electron storage ring. We consider a magnetically focused electron beam or bunch train, using a smooth approximation for the betatron focusing. In the case of a bunch train, we model a bunch train of duration zb as an electron beam of duration 7,. . In an electron storage ring, where ion effects are a perturbation to the betatron motion in applied magnetic fields, we instead have op >> w,(T).
In eq. (S), the term (l/T)a,c,(Z,T)
describes the damping of collective ion oscillations that results from the constant creation rate of stationary ions. This damping rate of -l/T is small compared to the phase-mix damping rate -6y from an ion frequency spread of h, provided that 6y >> UT. Consequently, its neglect is justified for 6 y T >> 1, i.e. several ion oscillation periods behind the head of the beam when there is a large ion frequency spread. For 6 q T >> 1, we therefore approximate eq. 
[( a : ; ) ) 1 with W > 0. In eq. (7), the incoherent betatron frequency shift resulting from the ions, oe2(T)/2wp, is included in the oscillation frequency. The slowly-varying function g (Z,T) describes the oscillation growth. To ensure that o is the initial oscillation frequency in the laboratory, we consider solutions where g(2,T) is real for small Z.
Substituting eq. (7) into eqs. (4) and (6) 
[-2i6(Z)a7g -6 3 2 ( Z ) +~i 2 ]~i = o i 2 b , (9) where G(Z) is given by
The quantity WZ) is the oscillation frequency in the laboratory given by eq. (7) -1/2, the initial growth rate in Z is comparable to the incoherent betatron frequency shift of oe2(T)/2q that results from the ions. Consequently, instability may be prevented by a betatron damping rate that exceeds the incoherent betatron frequency shift induced by ions at the tail of the bunch train.
SUBSEQUENT GROWTH
Consider the instability growth when (6y /o,,)Z, << Z << 22, and 60,T >> 1. For a disturbance with o = w, , we have llG(Z)l -ojo 1 >> 6wi , so that eq. (13) (22) has lower values of a, g and a T g than is given by eq. (18), indicating that the initial instability growth has saturated. The saturation occurs when the oscillation frequency in the laboratory, W Z ) , no longer coincides with a typical ion bounce frequency. The saturated growth equals that calculated when the spread in ion bounce frequencies is neglected.
EXAMPLE
The requirement that g(Z,T) be a real function for small Consider a Cauchy distribution of ion bounce Z determines w, which obeys frequencies with peak at yo and half-width hi << a,, 
where I , is the zeroth-order Bessel function of imaginary argument.
For small Z, the Taylor 
4wp ( 6 q )* which, for 6qT>> 1, reduces to 
SUMMARY
We have considered the initial and subsequent growth of the fast ion instability for a distribution of ion bounce frequencies. The initial growth is exponential in Z and T, where 2 is the propagation distance divided by beam velocity, and T the time elapsed since the head of the beam has passed. For larger 2, the growth is exponential in 2"' and T; this saturated growth equals that calculated when the spread in ion bounce frequencies is neglected. For a broad distribution of ion bounce frequencies, instability growth may be prevented by a betatron damping rate that exceeds the incoherent betatron frequency shift induced by ions at the tail of the bunch train.
